A general dispersion relation solver is presented which allows to numerical calculate all the solutions exactly and give polarizations naturally for magnetized fluid plasma with arbitrary number of components and arbitrary orient wave vector, with and without anisotropic pressure (e.g., firehose and mirror modes), relativistic, beam and gradient effects.
Introduction
Since only few simple dispersion relations are analytical tractable in plasma physics, it is a historical issue to develop general numerical solvers for practical applications. Usually, we get the dispersion relation solutions from the determinant of a 3-by-3 dielectric tensor, e.g, kinetic WHAMP (Waves in Homogeneous Anisotropic Multicomponent Magnetized Plasma) code by Ronnmark [1, 2] and a fluid Mathematica code for magnetized parallel beam-plasma by Bret [3] .
It is difficult to generalize that usual treatment to arbitrary number of components with good convergence or to give all solutions. Here, we use a full-matrix approach to transform the task to an equivalent matrix eigenvalue problem. A general dispersion relation solver (PDRF, Plasma Dispersion Relation -Fluid version) for magnetized multi-fluid plasma with and without anisotropic, relativistic, beam and gradient effects, is developed.
For space, astrophysical and laser plasma, this solver can have wide potential applications.
Theory and Method
We solve magnetized multi-fluid plasma, with B 0 = (0, 0, B 0 ), v j0 = (v j0x , v j0y , v j0z ), k = (k x , 0, k z ) = (k sin θ, 0, k cos θ) and ∇n j0 /n j0 = ( n jx , n jy , 0). We do not need derive the final 3-by-3 dispersion relation matrix for E = (E x , E y , E z ) as the usual treatment, such as by Stix [4] and used by Ronnmark [1, 2] and Bret [3] . An alterant method is used: using the original full dispersion relation matrix and then treating the task as a matrix eigenvalue problem, instead of directly calculating its determinant.
We consider only density gradient effects here and ignore the temperature gradient effects.
Original equations
Many (special and general) relativistic plasma models are just extensions of non-relativistic versions, and haven't been fully verified by experiments or observations. Some basic relativistic fluid plasma models can be found in [5] . We use usual choice
with u j = γ j v j and
which bases on [6] and [3] , and where
, and γ j and γ ⊥ j are the parallel and perpendicular adiabatic coefficients respectively. The treatment of anisotropic here is different from the CGL [7] one, but can reduce to the one by Bret and Deutsch [6] when setting γ j = γ ⊥ j = γ T j , where P ,⊥ = nT ,⊥ , with P = P bb + P ⊥ (I −bb) andb = B/B. When further setting T ⊥ j = T j , we get the isotropic pressure.
After linearized, (2) gives
where c 2 ,⊥ j = γ ,⊥ j P ,⊥ j0 /ρ j0 and P j0 = n j0 T j0 . One should also note that
with ∆ j ≡ (P j0 − P ⊥ j0 )/B 0 and β ,⊥ j = 2µ 0 P ,⊥ j /B 2 0 , where the off-diagonal terms come from tensor rotation (see similar expressions at Appendix A) fromb 0 tob, are related to energy exchange and are important for anisotropic instabilities. A wrongly treating or ignoring of these off-diagonal terms will lose firehose or other important unstable anisotropic modes.
Full-matrix treatment
The linearized version of (1) with f = f 0 + f 1 e ik·r−iωt is equivalent to a matrix eigenvalue problem (similar treatment can be found in [8] for MHD equations and [9] for ten-moment equations)
with λ = −iω the eigenvalue and corresponding X eigen vector, which represents the polarization information of each normal/eigen mode solution. 
and, M is (ν i j terms when i j haven't been written explicitly here) 
where ω c j = q j B 0 /m j (note: q e = −e), ω
a jxx a jxy a jxz a jyx a jyy a jyz a jzx a jzy a jzz
For s kinds of species, the dimensions of A and M are (4s + 6) × (4s + 6). Here, we can get all the solutions of the above system exactly (without convergence problem) via standard matrix eigenvalue solver, e.g. LAPACK or function eig() in MATLAB.
MATLAB code PDRF is provided to solve the above eigenvalue problem. When giving all γ j to 1, i.e., A = I, {a jpq } = I, both be unit matrices, PDRF reduces to non-relativistic version.
Breaks of linearization procedures
During the linearization procedures, we have canceled all equilibrium quantities by assuming their effects are small, i.e., Q 0 = j q j n j0 0, J 0 = j q j n j0 v j0 0, v j0 · ∇n j0 0 and
One should note that, usually, this is not the case in practices. For example, the non-zero J 0 
Comment set in input input/ignore no E 0 ignore parallel beam/ignore input/ignore ignore will bring an extra B 0J field. To determined B 0J , we need boundary conditions or other information, which means that the system is not homogenous any more. More worse, these non-zero equilibrium quantities cannot be canceled by coordinate transformation, i.e., treating the system in moving frame. Another example is, for non-parallel beams, the Lorentz force will change the beams to ring beams at perpendicular direction during one cyclotron period. So, at most cases, we'd better use only parallel beams. However, for gradient modes or E 0 0, there can exist non-zero v ⊥0 drift velocity in the system. All possible breaks of linearization procedures are shown in Table 1 . One should keep these in mind when use PDRF.
Benchmarks

Cold plasma
Cold limit (P s0 = 0), without beam (v s0 = 0), s = e, i, numerical solutions of (5) (ω M ) and Swanson's fifth order polynomial [10] (ω S ) are given in Table 2 , with kc = 0.1, θ = π/3, m i /m e = 1836 and ω pe = 10ω ce . The results are consistent with each other exactly, except some small (< 10 −15 ) numerical errors. Scanning of k and θ for ω is shown in Fig.1 , with m i /m e = 4 and ω pe = 2ω ce .
Firehose and mirror mode
Two well-known low-frequency hydromagnetic anisotropic instabilities are firehose mode and mirror mode. Roughly, the dispersion relation for firehose mode (or, anisotropic shear Alfvén mode) is
. For k z k ⊥ , using reduced expression from bi-Maxwellian kinetic dispersion relation, the mirror mode threshold is 1+ j β ⊥ j 1−
A correction for the term ∆ j in matrix element M v j1z ,B x1 to 2∆ j is needed to give the same mirror mode threshold as kinetic bi-Maxwellian plasma prediction since that there is an extra factor 2 in bi-Maxwellian plasma expression [12] , i.e.,
when comparing with (4). We check the instability thresholds of these two modes, with β ,⊥e = 0 and β i = 8, to scan β ⊥i . A non-relativistic run is shown in Fig.2 , with and without the factor 2 correction for mirror mode.
We can find that the numerical results consistent with analytical predictions very well. For the without correction case, the mirror mode threshold should be 1 + j Fig.2(a) . When we use general CGL anisotropic fluid model, there will also exist other correction terms from δB to δP. 
Relativistic beam modes
We test the default result of Bret's tensor [3] Table 3 , which are exactly the same for both magnetized (B 0 0, ω ce = ω pp ) and un-magnetized (B 0 = 0) cases. Fig.3 shows the maximum growth rate beam mode at above parameters. To produce the same figure as Fig.3 , Bret's tensor in Mathematica takes about 1 minute, while PDRF takes a few seconds.
The Doppler effects
One should note that in the widely used non-relativistic multi-fluid (or kinetic) plasma equations, the field part is Lorentz invariant, while the fluid (or distribution function) part is Galilean invariant, then the total system is neither Galilean
nor Lorentz
invariant, which will bring strange or incorrect Doppler effects, e.g., the solutions (both real frequency and growth rate) of electron beam and reverse ion beam would be very different. However, the relativistic version multi-fluid plasma equations should be Lorentz invariant.
We check the Lorentz invariant (11) for two species (s = e, i) relativistic cold plasma mode. One should also note the relativistic density change n 0 = γ(v 0 )n parameters: q i = −q e = 1, n i = n e = 4.0, v 0 = 0, v i0z = v 0 , v e0z = 0, k x c = 0.5, k z c = 1.0, which will give several solutions. We choose the largest real part solution ω = 2.792204183976196, and move to the ion frame of reference, i.e., v i0z = 0 but v e0z = −v 0 , which gives k x c = 0.5, k z c = −3.471022809144551. The densities of electron and ion change to n e0 = 9.176629354822472 and n i0 = 1.743559577416269. Using these new parameters as inputs, PDRF gives the largest real part solution ω M = 4.341014114998466, while (11) gives ω L = 4.341014114998465.
We can see that the only difference between ω M and ω L is the last digit, which should be just numerical truncation error.
For ω 0 mode, the Doppler shift wave vector is not limited to real number but is a complex number, which is also supported by PDRF. One can also check the effects of non-parallel beam, ν i j and P, to Doppler shift. However, it would be more complicated to verify them due to that more extra parameters transformations are needed.
Low hybrid wave polarization and gradient drift instability
Low hybrid wave (LHW, k 0) is quasi-electrostatic mode, i.e., |k × E 1 | |k · E 1 |. The polarization information of LHW solved by PDRF is shown in Fig.4 , which confirms the quasi-electrostatic conclusion.
A further interesting benchmark is the low hybrid drift instability (reduced from [13] and [14] , Poisson equation is used)
where n is gradient parameter and v 0 = v i0 − v e0 is the drift velocity in electron frame of reference, which can be caused by density (or pressure) gradient or E 0 × B 0 . Using PDRF, one should firstly calculate the drift velocity, e.g.,
∇(ln n j0 ) ×b 0 , as equilibrium quantity, for initial input. With v 0 = 0 and n = 0, (12) gives just the usual LHW solution, which is very close to PDRF solution, as shown in panels (a) and (b) in Fig.5 . Setting niy = ney = n = −0.15, v i0x = −v e0x = v 0 /2 = 0.01, a typical result is shown in panels (c) and (d) in Fig.5 . We can see that PDRF solutions also agree with (12) qualitatively, but not quantitatively.
This disagreement may be explained partly as: Dispersion relation (12) is just an approximate formula and which is also derived by Galilean transformation, while PDRF contains all effects and is not Galilean invariant. For example, when cold plasma with v 0 = 0 but n 0, the first row of matrix M is zero, which means that n won't affect the solutions at this case; while n will affect (12) when v 0 = 0.
More
In this PDRF v1.0, the effects of pressure P, density gradient ∇n 0 /n 0 and collision ν i j , especially the relativistic effects of them, haven't been verified completely at present, mainly due to that it is difficult to find similar previous analytical or numerical results in literatures for comparisons. However, it is easily for one to modify the model equations (1) and (2), or corresponding matrices A and M, if the present model breaks.
Summary
A general multi-fluid dispersion relation solver is provided, which shows good performances in several benchmark cases. This solver has the ability to calculate many more complicated effects, which are difficult or can not be solved by conventional solvers.
The full-matrix treatment is a general and accuracy method for arbitrarily complicated fluid systems. However, kinetic effects will play important roles in many practical systems. While, the general treatment for kinetic dispersion relation with good convergence is still a difficult task in plasma community, especially for magnetized plasma, which contains n = ∞ orders cyclotron modes.
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Appendix A. Extensions for general un-magnetized version
Set B 0 = 0 in magnetized version of PDRF, we can get a simple un-magnetized version, e.g., as shown in Fig.3 . In more general un-magnetized plasma, we need new treatment for anisotropic pressure relation, due to that there is no parallel background B 0 . Here, for pressure P j and P ⊥ j , the parallel and perpendicular are to v j when v j0 0. Without loss of generality, we can set k = (0, 0, k z ).
A rotation matrix is needed to transform eachˆ j and⊥ j tox,ŷ,ẑ, i.e., the pressure tensor should be
gives P jxx = P ⊥ j + (P j − P ⊥ j ) For species v j0 = 0, one should set P j = P j as a scalar quantity.
Other treatments are similar as the magnetized version. The above provides a guider for one who wants to develope a more general un-magnetized version of PDRF.
